Some further notes on the Kruskal - Szekeres completion. 
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In this pedagogical note, the Kruskal - Szekeres completion of the Schwarzschild spacetime is 
obtained explicitly in a few steps. 
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A discussion of the Kruskal [2] - Szekeres [3| completion 
of the Schwarzschild spacetime is a cornerstone of any 
modern introduction to general relativity. In a previous 
note Q I reviewed some history of these coordinates and 
showed how they can be obtained from Israel coordinates 
and also from an integration of Einstein's equations. 
The purpose of the present note is to point out a very 
brief but direct and explicit derivation of the Kruskal 
- Szekeres completion. We use geometrical units and a 
signature of +2. 

We start with the observation that the Ricci tensor 
vanishes for the line element 
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where dft2 is the metric of a unit two-sphere and m and 
C are constants > 0. The form ([1]) of the Schwarzschild 
spacetime is motivated by the fact that the associated 
Weyl scalar diverges at a = and at a — n, the range 
we attribute to a. We consider a defined ab initio, not 
derived from the defective Schwarzschild coordinate "r" . 
To motivate coordinate transformations we consider the 
radial null geodesic equations of ([!]) : 


da sin a - 4^ 

— = ± : —■ 

dt C sin a cos a 


(2) 


The solutions to © can be given as 

Csina = 2m(/:(^') + 1) = 2m(/:($) + 1), (3) 
where C{x) is the Lambert W function 6], defined by 
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and u and v label the null geodesies. From ([3]) it is clear 
that ^I^^ — $^ and so from (g]) and ([5]) we find 
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and so 
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Now in taking the appropriate root to ([T]) we must ori- 
entate the u — V axes. Noting that £(— 1/e) = —1 and 
£(0) = we take uv > over the range < C sin a < 2m 
and so * = $ = 

e 

We have arrived at 
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where we have now written C = C{—uv/e). This is the 
null form of the Kruskal - Szekeres completion. 
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